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VALUES OF TWISTED ARTIN L-FUNCTIONS
KENNETH WARD
Dedicated to the memory of Paul J. Sally, Jr.
ABSTRACT. This note gives a simple proof that certain values of Artin’s
L-function, for a representation ρ with character χρ , are stable under
twisting by an even Dirichlet character χ , up to the dim(ρ)th power of
the Gauss sum τ(χ) and an element generated over Q by the values of χ
and χρ . This extends a result due to J. Coates and S. Lichtenbaum.
1. INTRODUCTION
We let K|F denote a finite Galois extension of algebraic number fields, and χ
will denote the character associated with a representation of Gal(K|F). Via C.L.
Siegel and H. Klingen [4, 8], if χ denotes a Dirichlet character and K is a totally
real number field, then the Dirichlet L-function L(χ ,s) lies in Q(χ) when s takes
negative integer values. For a representation ρ , the associated character will simply
be written as χρ . For general representations ρ when K is a finite Galois extension
of Q, J. Coates and S. Lichtenbaum [1] decomposed the factors at infinity in the
functional equation [5, VII.12.6]
Λ(K|F,χρ ,s) =W (χρ)Λ(K|F,χρ ,1− s) (W (χρ)|= 1)(1)
to show that, at a negative integer s = m that is a critical point for the Artin L-
function L(K|Q,χρ ,s), either
(I) m is odd, and the fixed field Kρ of the kernel of ρ is totally real; or
(II) Kρ is totally imaginary, conjugation is central in Gal(Kρ |Q), and χρ(σ) =
−dim(ρ).
They then employed Brauer’s theorem on induced characters and functorial prop-
erties of Artin’s L-function to prove that L(K|Q,χρ ,m) ∈Q(χρ) when m is a neg-
ative integer and critical point of L(K|Q,χρ ,s) (for all other negative integers m,
this L-function trivially takes the value zero).
We consider a finite Galois extension K|Q, and a representation χρ of Gal(K|Q).
We let χ denote an even Dirichlet character, which is viewed as either a one-
dimensional character of Gal(K|Q) acting trivially on the conjugation automor-
phism, or any one-dimensional character of Gal(K|Q) if K is totally real. We also
let Q(χρ ,χ) denote the field generated over Q by the values of χρ and χ . The
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character χ ⊗χρ = χ ·χρ is associated with the representation χ⊗ρ = χ ·ρ . With
f= f(χ) the Artin conductor and Kχ the fixed field of the kernel of χ , we recognize
the character χ as a character of the ray class group JfQ/P
f
Q via the Artin symbol
(Kχ |Q, ·) : JfQ/P
f
Q → Gal(Kχ |Q). The Gauss sum of χ is defined in the usual way:
For an algebraic number field F with ring of integers oF , a Dirichlet character χ
of F with finite part χ f as a Gro¨ßencharakter and conductor f, dF|Q the different of
F|Q, y ∈ f−1d−1F|Q, and TrF |Q(·) the trace from F to Q, the Gauss sum of χ at y is
given by
τ(χ ,y) = ∑
x mod f
(x,f)=1
χ f (x)e2piiTrF |Q(xy),
where the sum is taken over a set of representatives of (oF/f)∗. We also define χ
to be zero for any ideals not relatively prime to f and set τ(χ) = τ(χ ,1). Finally,
for a field K, a subfield F ⊂ K, and two elements a,b ∈ K, we will say that a ∼F b
if a = kb for some k ∈ F . We may now state our main result.
Theorem 1. If s = m is a negative integer and critical point of L(K|Q,χρ ,s), then
L(K|Q,χ ⊗ χρ ,1−m)∼Q(χρ ,χ) τ(χ)dim(ρ)L(K|Q,χρ ,1−m).
Viewing χρ as a character of Gal(Kρ |Q), we may write, by Brauer’s theorem on
induced characters [2, 5.2],
(2) χρ =
l
∑
i=1
niIndGHi(χi),
where G = Gal(Kρ |Q), and for each i = 1, ..., l, χi is a character of degree one of
a subgroup Hi ≤ G and ni ∈ Z. By Galois theory, for each i = 1, ..., l, let Fi be
the subfield of Kρ so that Hi = Gal(Kρ |Fi). We also let Gi = Gal(K|Fi) for each
i = 1, ..., l. The notation in the decomposition (2) will be used henceforth. We first
relate the Gauss sums of restrictions of χ to L-function values. We will show that
if s = m is a negative integer and critical point of L(K|Q,χρ ,s), then
(3)
l
∏
i=1
(τ (χ |Gi))ni ∼Q(χρ ,χ)
L(K|Q,χρ ,1−m)
L(K|Q,χ ⊗ χρ ,1−m)
.
We will also show that the product of restricted Gauss sums is also related to the
value of the unrestricted Gauss sum:
(4) τ(χ)dim(ρ) ∼Q(χ)
l
∏
i=1
(τ (χ |Gi))ni .
It is no surprise that ramification groups have a role in this, as we must measure
the action of characters on primes. The importance of requiring that χ be an even
Dirichlet character is clear: this ensures that the critical points of L(K|Q,χ⊗χρ ,s)
and L(K|Q,χρ ,s) are the same, by conditions (I) and (II).
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2. THE MAIN RESULT
Our arguments take advantage of the interaction of Brauer’s theorem with the
Artin L-function as in the original proof of its meromorphicity. We shall also em-
ploy ideal numbers, Galois theory, and local behavior of characters. Let us turn
immediately to the proof of Theorem 1.
Proof of Theorem 1. Let us fix i∈ {1, ..., l}. We may choose ideal numbers di, fi of
Fi so that the different dFi|Q of Fi|Q satisfies dFi|Q = (di) and the conductor fi = f(χi)
of χi satisfies fi = ( fi) [5, VII.7]. We let pi = (pi,τ )τ∈Hom(Fi,C) be the exponent of
the infinite part of the decomposition of χi as a Gro¨ßencharakter,
χi((x)) = χi, f (x)χi,∞(x) = χi, f (x)NFi|Q
((
x
|x|
)pi)
,
where NFi|Q(·) denotes the norm from Fi to Q. As χi is a character of the group of
ideals of Fi via the Artin map, it may be viewed as a Dirichlet character, and thus
has pi,τ = 0 unless τ ∈ Hom(Fi,R). The root number W (χi) from the functional
equation (1) satisfies
W (χi) =
[
ω
TrFi |Q(pi)
4 NFi|Q
(( fidi
| fidi|
)pi)]−1 τ(χi)√
NFi|Q(fi)
=±
[
ω
TrFi|Q(pi)
4
]−1 τ(χi)√
NFi|Q(fi)
,
where TrFi|Q(·) denotes the trace from Fi to Q, NFi|Q(·) the ideal norm from Fi
to Q, and ω4 the complex number i, to avoid confusion with indices. We let dFi
denote the discriminant of Fi, and we let
Ni,+ =
[Fi : Q]
2
+
1
2 ∑
p|∞
p real
χi(φP), Ni,− = [Fi : Q]2 −
1
2 ∑
p|∞
p real
χi(φP),
where for each prime p appearing in these sums, P may be any choice of prime of
K so that P|p and φP is a generator of the decomposition group GP(K|Fi). This
yields the following expression for the functional equation:
L(K|Fi,χi,1− s) =±
[
ω
TrFi |Q(pi)
4
]−1 τ(χi)√
NFi|Q(fi)
[|dFi |NFi|Q(fi)]
s− 12
(
cos
(pis
2
))Ni,+(5)
×
(
sin
(pis
2
))Ni,−
(2(2pi)−sΓ(s))[Fi :Q]L(K|Fi,χ i,s).
All of this holds equally well with χ |Gi ⊗ χi in place of χi. For an automorphism
σ ∈ Gal(Q|Q(χρ ,χ)), induction by characters (2) and functoriality of the Artin
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L-function give
(6) L(K|Q,χ ⊗ χρ ,m)
L(K|Q,χρ ,m)
= α
[
l
∏
i=1
(
τ(χ |Gi ⊗σ(χi))
τ(σ(χi))
)ni] L(K|Q,χ ⊗ χρ ,1−m)
L(K|Q,χρ ,1−m)
,
where α ∈Q. The automorphism σ holds the following fixed:
(1.a) the (rational-valued) infinite part of either Gro¨ßencharakter χ |Gi ⊗χi or χi;
(1.b) the conductors of χ |Gi ⊗ χi or χi; and
(1.c) the action of χ |Gi ⊗χi or χi on the generators of decomposition groups for
infinite primes.
By the functional equation (5) without the use of σ , it follows from (1.a)-(1.c) that
(7) L(K|Q,χ ⊗ χρ ,m)
L(K|Q,χρ ,m)
= α
[
l
∏
i=1
(
τ(χ |Gi ⊗ χi)
τ(χi)
)ni] L(K|Q,χ ⊗ χρ ,1−m)
L(K|Q,χρ ,1−m)
,
so that (6) and (7) give
(8)
l
∏
i=1
(
τ(χ |Gi ⊗σ(χi))
τ(σ(χi))
)ni
=
l
∏
i=1
(
τ(χ |Gi ⊗ χi)
τ(χi)
)ni
.
Furthermore, as in Theorem 1.2 of [1], we have
(9) L(K|Q,χ ⊗ χρ ,m)
L(K|Q,χρ ,m)
∈Q(χρ ,χ),
by none other than the fact that the value of each L-function in the numerator and
denominator of (9) lies in Q(χρ ,χ). We let ζ be a root of unity, chosen so that Q(ζ )
contains all of the values of the characters χ and χi, as well as any roots of unity
appearing in the Gauss sums τ(χi), τ(χ |Gi ⊗ χi), and τ(χ |Gi), for all i = 1, ..., l.
Let σ ∈ Gal(Q(ζ )|Q(χρ ,χ)), so that σ(ζ ) = ζ d for some integer d. We apply σ
to the expression
(10)
l
∏
i=1
(
τ(χ |Gi ⊗ χi)
τ (χ |Gi)τ(χi)
)ni
.
We note that, for any Dirichlet character χ of an algebraic number field, τ(χ ,a) =
χ f (a)τ(χ) if (a, f) = 1, but also that τ(χ ,a) = 0 = χ f (a)τ(χ) if (a, f) 6= 1, as
we have defined χ to be zero for ideals not relatively prime to f. Thus, for each
i = 1, ..., l,
(2.a)
σ(τ(χ |Gi ⊗ χi)) = τ(χ |Gi ⊗σ(χi),d)
=
(
(χ |Gi ⊗σ(χi)) f (d)
)
τ(χ |Gi ⊗σ(χi));
(2.b) σ(τ(χ |Gi)) = τ(σ(χ |Gi),d) = τ(χ |Gi,d) =
(
(χ |Gi) f (d)
)
τ(χ |Gi); and
(2.c) σ(τ(χi)) = τ(σ(χi),d) =
(
σ(χi) f (d)
)
τ(σ(χi)).
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This requires that d be relatively prime to the conductors of each of these char-
acters. By (8) and (2.a)-(2.c), we find that σ fixes (10). By (6), (9), we obtain
(3).
As in the previous argument, we again select an appropriate choice of root of
unity ζ , which in this instance contains the values of the characters χ |Gi and χ ,
as well as all roots of unity appearing in τ(χ |Gi) and τ(χ), and we consider some
σ ∈ Gal(Q(ζ )|Q(χ)), where σ(ζ ) = ζ d for some integer d. As before, d must be
relatively prime to the conductors of χ and χ |Gi , for all i = 1, ..., l. Similarly to
previous arguments, we obtain
(11) σ
(∏li=1(τ(χ |Gi))ni
τ(χ)dim(ρ)
)
=

∏li=1
(
(χ |Gi) f (d)
)ni
χ f (d)dim(ρ)

(∏li=1(τ(χ |Gi))ni
τ(χ)dim(ρ)
)
.
Note that σ makes no appearance in this final expression, as σ fixes the values
of χ and χ |Gi , for all i = 1, ..., l. Let Kχ and Kχ |Gi denote the fixed fields of the
kernels of χ and χ |Gi , for each i = 1, ..., l, respectively. We have for each i =
1, ..., l that (χ |Gi) f (d) = χ |Gi((d)), where (d) is viewed as an ideal of Kχ |Gi , and
likewise that χ f (d) = χ((d)), where (d) is viewed as an ideal of Kχ . We write
d = ∏k pakk as the prime factorization of d in Z. As d is relatively prime to the
conductor of χ , each prime pk is unramified in Kχ . Thus, for a prime P|pk of K
with decomposition group GP and inertia group IP of P|pk, the character χ may
be viewed as a character of GP/IP.
Let us fix some i ∈ {1, ..., l}. For each k, we write pk = ∏ j Pk, jePk, j in K and
pk = ∏mP′k,m
eP′k,m in Fi. For each j, we write φPk, j for a representative element
of GPk, j which maps to the Frobenius in the residue field of Pk, j|pk, and we write
φ ′Pk, j for the analogous representative in Gal(K|Fi) [5, VII.10]. Let us also fix a
choice of k and j. Let P′k,m denote the prime of Fi with Pk, j|P′k,m|pk, and let
fP′k,m = [oFi/P′ : Z/pkZ]. By definition of φPk, j and φ ′Pk, j , the image
φ
fP′k,m
Pk, j (α mod Pk, j) = φ
fP′k,m
Pk, j (α) mod Pk, j
in the residue field of Pk, j|pk is equal to φ ′Pk, j(α) mod Pk, j. Thus φ
fP′k,m
Pk, j and φ ′Pk, j
belong to the same coset of IPk, j in GPk, j . As χ is trivial on IPk, j , we have χ(φ
fP′k,m
Pk, j )=
χ(φ ′Pk, j). By the identity ∑m eP′k,m fP′k,m = [Fi :Q], we obtain χ((d))[Fi:Q]= χ |Gi((d)).
Returning to Brauer’s theorem on induced characters (2), we also have dim(ρ) =
∑li=1 ni[Fi : Q]. It follows that
l
∏
i=1
(
(χ |Gi) f (d)
)ni
= χ f (d)dim(ρ).(12)
By (11) and (12), σ fixes ∏li=1(τ(χ |Gi))ni/τ(χ)dim(ρ), which must therefore lie in
Q(χ). This proves (4). Finally, as τ(χ)τ(χ) ∈ Q(χ), we obtain from (3) and (4)
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that
L(K|Q,χ ⊗ χρ ,1−m)∼Q(χρ ,χ) τ(χ)dim(ρ)L(K|Q,χρ ,1−m),
proving Theorem 1. 
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